Léon Foucault's pendulum experiment in 1851 generated widespread interest. The experiment was repeated in numerous locations in Europe and the United States of America. The more careful of these demonstrations confirmed the effect of the Earth's rotation on the precession of the swing-plane of the pendulum. A set of pendulum experiments were carried out by Joseph Galbraith and Samuel Haughton in Dublin and a comprehensive mathematical analysis of them was published in 1851.
'You are invited to see the Earth turn. . .'
A large crowd of spectators gathered in the Panthéon in Paris in March 1851 to witness evidence of the Earth spinning before their eyes. With a simple apparatus comprising a heavy bob swinging on a wire, Léon Foucault showed how the Earth rotates on its axis. His pendulum demonstration caused a sensation, and Foucault achieved instant and lasting fame. The pendulum was 67 metres in length with a bob of 28kg in mass. It swung through a diameter of about six metres so the amplitude (swing-angle) was about 58. The position of the bob was indicated on a large circular scale marked in quarters of a degree (Fig. 1) .
The announcement of the experiment read 'You are invited to see the Earth turn. . .'. Demonstrations were held daily, and attracted large crowds. The experiment generated widespread international interest and by June 1851 it had been repeated in many cities in Europe and the United States of America, including Dublin.
Several previous attempts to illustrate the Earth's rotation by mechanical means had been made, but with limited success. Both Pierre-Simon Laplace and Carl Friedrich Gauss had been involved in the analysis of deflections from the vertical of objects dropped down mineshafts, but the effect of rotation was too small to be detected with confidence. Foucault's demonstration changed matters. The tiny deflections evident during each swing of the pendulum accumulate with time so that a large veer (or clockwise turning) is observed over a period of an hour or so. This is why Foucault's demonstration succeeded where earlier attempts to illustrate the Earth's rotation failed.
In the immediate aftermath of Foucault's demonstration, pendulum mania raged across Europe and the United States and the experiment was repeated hundreds of times.
1 Many of these attempts were undertaken without due care. The London Literary Gazette reported on several cases in which to the horror of the spectators, the Earth had been shown to turn the wrong way. These errors were probably due to a lack of care in setting up the experiments, elliptical bob trajectories resulting from incorrect starting conditions or stray air currents.
Galbraith and Haughton
In September 1851 the American Journal of Science surveyed several pendulum demonstrations in Europe and the United States.
2 This review included brief details of the experiments carried out in Dublin by two members of the Royal Irish Academy.
Joseph Galbraith (1818Á90) and Samuel Haughton (1821Á97) were close contemporaries and lifelong friends (Fig. 2) . Both men were highly talented applied mathematicians. Both took holy orders within the Church of Ireland. Both were members of the Royal Irish Academy and both were Freemasons in the same lodge. Galbraith's diary (see Appendix A) shows that the two men interacted frequently, often walking or dining together, and their close friendship was sealed by the marriage of a son of Haughton to a daughter of Galbraith. Both men sympathised with Irish nationalism, Galbraith being active in the Home Rule movement. There is no full-length biography of either scholar, but a good account of their parallel lives is given in an article by Miguel De Arce (2011) . 3 The sketch shown in Fig. 2 above is based on this source, on David Spearman 4 and on essays in the Dictionary of Irish biography. wide range of practical problems. He married Hannah Maria Bredon of Co. Cavan in 1850, and they had three sons and four daughters. In 1854 he was appointed Erasmus Smith's professor of natural philosophy. In 1880 he became a senior fellow and was appointed registrar in 1885. In this capacity, he introduced several reforms in the practices of the university.
Samuel Haughton was born in Co. Carlow in 1821 to Quaker parents, but was raised within the established church. He entered Trinity College Dublin aged just sixteen and graduated in 1843. He was elected a fellow in 1844 at the same time as Galbraith. He married in 1848 and was appointed professor of geology in 1851. He was elected a fellow of the Royal Society in 1858. Haughton took up the study of medicine and graduated as a Doctor of Medicine in 1862, aged 40. As registrar of the medical school, he introduced substantial reforms. He is also remembered for devising a method of humane execution by hanging, by lengthening the drop to ensure instant death. In his later career, he was very active in the Royal Zoological Society of Ireland.
Galbraith and Haughton wrote a series of scientific manuals that were remarkably successful. They included basic textbooks on geometry and algebra that were used in Irish schools, together with more advanced books that achieved international circulation. There were twelve titles in all, with total sales of about 300,000 copies and the books remained in print into the twentieth century. 6 
Foucault pendulum experiments in Dublin
Galbraith and Haughton replicated the pendulum experiment in April and May 1851, shortly after Foucault had reported his findings. Their experiment was performed at the engine factory of the Dublin and Kingstown Railway (D&KR) where Samuel's cousin Wilfred Haughton was chief engineer. In 1839 D&KR had acquired the premises of the Dock Distillery at Grand Canal Street. It was converted to a works for the manufacture and maintenance of railway locomotives. The location of the engine factory is indicated on the map in Fig. 3 . 7 Grand Canal Street works, as they existed in 1902, are illustrated in Pl. I. 8 The construction bays were accessed by turntables from a siding close to where Grand Canal Dock DART station now stands.
To ensure effective results, a Foucault pendulum should be as long as possible, with a small swing-angle and a heavy bob in order to minimise the effects of air resistance. Engine houses have lofty roofs to allow for the dispersal of smoke and steam. As D&KR was on an embankment, the engine rooms behind the arches in Pl. I were on the first floor of the building. Thus, there was ample headroom and a pendulum of over 35 feet in length could be accommodated.
Details of the apparatus
At a meeting of the Royal Irish Academy in May 1851, Samuel Haughton presented an account of the experiments that he had made together with his cousin Wilfred and Joseph Galbraith 'to determine the azimuthal motion of the plane of vibration of a freely suspended pendulum'.
9 The pendulum they used had a spherical bob of iron, weighing 30 pounds, with a downward spike attached to indicate the position. It was initially set swinging in a northÁsouth plane. Below the bob stood a table on which a graduated circle allowed the azimuth angle to be read off. 'The direction of vibration could be determined with considerable accuracy.'
10 The minor axis of the elliptical path of the bob could also be estimated with precision.
Various modes of suspending the pendulum were tried. The most satisfactory was a length of multistrand silk fibre threaded through a hole in a thick metal mounting plate and attached to a long wire of copper or steel. Following preliminary testing, six experiments were carried out, generally lasting between 15 and 20 hours, with the azimuth being recorded every 20 minutes. In the final experiment, with silk fibre suspension, a full rotation of 3608 was achieved after an elapsed time of 28 hours 26 minutes.
The main results
Foucault had derived the theoretical result that the rate of angular precession of the plane of oscillation should equal the Earth's angular velocity multiplied by the sine of the latitude. For Dublin, this implies precession through a full circle in about 30 hours. The clockwise precession was observed by Galbraith and Haughton, but the angular velocity of the apsides (azimuth angles of maximum swing) was not constant as suggested by theory. They considered several possible causes for the discrepancy, concluding that 'the variable part of the observed motions is due to instrumental errors'.
Galbraith and Haughton also analysed the effects of ellipticity of the trajectory and derived a mathematical expression for the precession due to this effect.
11 For a pendulum of length ' tracing an area A, the precession for each orbit is 3A/4' 2 . For typical values of the experiments, and with reasonable precautions when starting the pendulum, this amounts to about half a degree per hour, so it is quite small compared to the change of approximately 108 per hour due to the Earth's rotation for a pendulum in middle latitudes.
The pendulum length for the experiments of Galbraith and Haughton was 35.4ft and its (initial) swing length was 4ft. Thus, the amplitude (swingangle) was about 6.48. The bob was an iron sphere, 30lb in weight. The theoretical precession rate at the latitude of Dublin is 12.078/h. The mean rate observed in the experiments was 11.98/h, which is surprisingly accurate considering the many possible sources of error. According to an article in the Philosophical Magazine, 'Messrs. Galbraith and Haughton. . .have pursued their research with all imaginable precautions'.
12 Their impressive results confirm this assessment.
The sine factor: kinematic explanation
The observed change in the swing-plane of the pendulum is often stated to be due to the Earth turning beneath it. This is an oversimplification. The turning rate for a pendulum at the North Pole is one revolution per day. At other locations, the turn is proportional to the sine of the latitude (a detailed analysis is given in Appendix B). Thus, after one day, the swing-plane does not return to its original position. At 508N, the period is 24 h/sin 508 031.33h. The mathematical term for this phenomenon is 'anholonomy', and it has been a source of confusion ever since Foucault's demonstration.
A simple way of explaining the turning of the swing-plane as a beat phenomenon was given by G. I. Opat. 13 In fact, a similar explanation was published 140 years earlier by the Irish mathematician Matthew O'Brien.
14 The quasi-linear motion of the bob is considered as a combination of two counter-rotating conical motions with equal amplitudes but slightly different frequencies. Figure 4 shows the geometric configuration of the pendulum on the spherical Earth. For small amplitude motion, the bob remains close to a plane tangent to the Earth at the equilibrium point and we can approximate the dynamics by motion in this plane. There are two forces acting on the pendulum bob: the gravitational force and the tension in the suspending wire (Fig. 5) . Gravity g acts vertically downwards, but tension T has both vertical and horizontal components T Z and T H . When we allow for the rotation of the Earth there is an additional force, the Coriolis force. In the Northern hemisphere, this deflects the moving bob to the right. Thus, Newton's law for the horizontal motion is
In the Northern hemisphere, the (small) Coriolis force acts outwards for anticlockwise motion (Fig. 6a) and inwards for clockwise motion (Fig. 6b) . Thus, for anticlockwise motion, the Coriolis force opposes the tension while for clockwise motion it reinforces it. As a result, the centripetal acceleration is slightly smaller for anticlockwise motion. For conical motion, the centripetal acceleration is proportional to the square of the frequency. Consequently, the frequency is slightly smaller for anticlockwise than for clockwise motion. This leads to a slow clockwise precession of the swing-plane. A more complete dynamical argument is presented in Appendix B.
William Tobin 15 reviewed several other attempts to explain the observed turning angle. Numerous studies have aimed to explain the sine factor in simple terms. However, there is really no mystery; one cannot do better than quote Horace Lamb: 'The simple view of the matter is that the Earth is rotating about the vertical at the rate Vsinf, in the positive direction, beneath the pendulum'. 16 
Hypocyclic orbit
As we have seen, there is a precessional effect associated with the area traced out by the bob as it completes each oscillation. This effect can confuse the signal due to the Earth's rotation, so it must be minimised by careful choice of the initial conditions. If we set r ' 0 r ( (see Appendix B), the bob trajectory resembles a multi-petalled flower (Fig. 7a) . If we set v ' r ' 0 (v ( r ( , the initial velocity of the bob vanishes and there is a cusp each time the swing 17 This solution is shown in Fig. 7b . In the original experiment at the Panthéon, the pendulum was started by burning a thread that held the bob steady.
Conclusion
A much later rerun of the pendulum experiment was performed by the renowned physicist George Francis FitzGerald. In a letter to Nature, W. R. Westropp Roberts 18 reported that a Foucault pendulum had been erected in the 'New Building' at Trinity College Dublin (now the botany building). He wrote that 'Prof FitzGerald and I secured a length of 45 feet' of wire and attached to it a bob weighing 16lb. The pendulum was started by burning a thread 'in the usual manner'. An image of the shadow of the supporting wire was projected through a lens onto a screen 32ft distant, in focus when the wire was closest to the lamp. This served to amplify the signal of precession greatly. Initially, the shadow corresponded with a vertical line drawn on the screen. Within five minutes, it had moved distinctly to the left, indicating a clockwise precession. Westropp Roberts claimed the experiment was a 'complete success' but, in view of the absence of any quantitative information about the rate of precession, this claim appears over exuberant. To conclude, the author quotes from an article in 1907 in the British Medical Journal describing the new science laboratories at Trinity College Dublin:
The great height available. . .renders it possible to demonstrate many experiments which cannot be shown in an ordinary lecture room; for instance, it has been found possible, by means of a Foucault pendulum. . .to enable a large class, seated in this theatre, to appreciate the rotation of the Earth. 
